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Abstract Quaternion-valued neural networks extend real-valued neural networks to the algebra of quaternions.
Quaternion-valued neural networks achieve higher accuracy or faster convergence than real-valued neural networks in
some tasks, such as singular point compensation in polarimetric synthetic aperture, spoken language understanding,
and radar robot control. The performance of quaternion-valued neural networks is widely supported by empirical
studies, but there are few studies about theoretical properties of quaternion-valued neural networks, especially why
quaternion-valued neural networks can be more efficient than real-valued neural networks. In this paper, we
investigate theoretical properties of quaternion-valued neural networks and the advantages of quaternion-valued neural
networks compared with real-valued neural networks from the perspective of approximation. Firstly, we prove the
universal approximation of quaternion-valued neural networks with a non-split ReLU (rectified linear unit)-type
activation function. Secondly, we demonstrate the approximation advantages of quaternion-valued neural networks
compared with real-valued neural networks. For split ReLU-type activation functions, we show that one-hidden-layer
real-valued neural networks need about 4 times the number of parameters to possess the same maximum number of
convex linear regions as one-hidden-layer quaternion-valued neural networks. For the non-split ReLU-type activation
function, we prove the approximation separation between one-hidden-layer quaternion-valued neural networks and
one-hidden-layer real-valued neural networks, i.e., a quaternion-valued neural network can express a real-valued
neural network using the same number of hidden neurons and the same parameter norm, while a real-valued neural
network cannot approximate a quaternion-valued neural network unless the number of hidden neurons is exponentially
large or the parameters are exponentially large. Finally, simulation experiments support our theoretical findings.
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e 1. I, B R ™ 2R X 380 0 ) B BL 5 )2 Aol

2o 45 1 R e IR T R B R AR
33 ENAHERNMEESS

AR X il FH Re LU 340375 pRISAY) PR 502 SE(E A 48
I £ 5 7 FH AR 23 FF 0 106 PR3 ow(q) = ql(gr > 0)
F14) P S 2 D B A 28 0 4% B 2 3R 18 . FRATT e [l e
(e, D)~ 3T 1) E LY.

EX 3.4 g: R - RI—HLH, F—RZFIR
() BR KUK B (R 4 45, DM RY 1 20 A . A0 SR A7 A BR B
feF, ffitg

E. p(If(x)—gx)) <&,
WIHR R B EE 5 FRE (e, D)-1E T MR i g.

SE S 3 PR B 2 25 B 4 XA 2R, il R
HUE Z 22 (1097 J7 BB VR Ry 2 A SRS BE 1Y B 4
2 B SOBAAE — 8 25000 T 2 0] LUAH BG4y, i L
R T UE W BRI R O T B AT S e Ah, R 3
AL DL 3 I e SR b i 3% 2 o) B ik eR AR,
T W HOW R RYBD AT . R BUAE A Foe — A5 4 [
SE TR 25 I 45 ¥ G 1) PR A (R], pRE g ok Bl b pR B
LU, (e, D)-38 3T ZI T i 25 9 266 X6 H b oA 500 38 S0
AeJ). T HEFRATUE AT 1 4458,

EIHE 3. 4 g RY > RAEEMY, DARY I H{E
B, &> 0N AT B IE SCE. & R g BB DL n B
JE P20 ReLU Y00 bR BRI BRI 23 S (8 P 28 I 4%
(e, D)-18 3T, T bR A gt B 4 1 FH n N RUZ B 40T L %
1% R B ow(q) = gl(gr > 0). FH R AL ALK 1 5 5 2 1Y
TR 22 W 45 (e, D)-1& T .

TE B 3 3 BH S (B A 22 I 465 i 1 30T 1Y R B0t BE B
DU G K50 28 T 6% 3 30T, L DY o HRA 28 I 4% 5 S (B
25 I 4% LA R T) A 23 R /N ROAS A A [) 17 ot
JZR/NEWRE DU ICE 28 N 2% 1 2 50 5 S 2
I 245 ] By 33 3% BH DO 0 5508k 28 X 2% 1) 2271 g AN 55
TR A 28 W 45 B 3 A UE B R A R R, X T AT
LG E W S A P I 4%, AT L R B 3 Y DY T A
T 22 0 45 S50, A 2 A 90 4% B s — 380

WL T R g BE B A n A BRI T Y S
{E 1 28 W 2% (e, D)-1B AT, A FIAFAE B 8 @ e R, Wy €
R4 by e RDL K B JR )2 S A A 4 4% fulxe) =
@0 (Wexg + by), 15

Ey, p(Ife(xr) —gxp)) < &,
Horpog i ReLU 3% pRELC. 4

QR = Qp, Oy = gy = ayg =0,
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bH,R = bRybH,I = bH,J = bH,K = 0,
WhR,j = WRr4j-3WHI; = ~WR4j-2,
Wiy = ~Wraj-1,WHK, = —Wr4j>J € [dl],
Horbrw 275 B WHY SR 5. D0 2R 56 2 DY e Bom 22 )
2% fu(xz) = Re[agou(Wexy + bp) | A n 2 £ TT
5 SR A 22 T 28 AR ) O A AR I, EL il 2
Sa(xg) = fr(xg),Vxg € H',
/ﬁ\:EPij‘:’xHE/‘JQ;ﬁ%%/?\‘ NI}
Eqn(lfu(xa) — g < e
Bl bR %5 g BE B A IS PR 2L 0(q) = gl (gr 2 0). 0>
BUZ #2200 . A R ACE B /Y DU G BORH 22 W 2% (e, D)-
BT iE 5.

N FAIN A G

Sl 1. 2 g=10> 0 B ER MR, DN [-a,al &
B2 4345 (a > 0), f—A> L-Lipschitz % 22 p& 4. 1)

E, p(If(») =g > min{8~",(16La)™"}.

5131 45 T Lipschitz i £ pR 018 T By BR 2R 5L
iR 2% R A, % F %5 Lipschitz i% 2 pR 5K Lipschitz
RO .

L AT F0) <05 X TAE Z y >0, = £
AEER Y B £1Y L-Lipschitz 3% 22V 22 B

F0) =8O > 1F(0) = g0l = 1f(0) = f(¥)] > 0.5~ Ly.
ML<05a "0,

E,p(f) =g > [;(0.5-Ly)2a)'dy > 8"
M >05a"B, A

Eolf0)-g0 > [ 05~ Ly)artay > (6L,
2 I, ST Lipschitz %3 L, H
E,p(1f(») g > min{8~,(16La)™"}.

£(0) > 0.5/ 1% ¥ [A] L AT HIE. ik .

T HEFRATIE A 0956 2 4518

EIE 4. fEAERY - RIYBLGS g, 5 RY 1195301 D,
{15 T H 458 BT

DX} FAE B ey > 0, HF02 VU T Eob 248 W 26 0] LA
FHBTE oK 8 0a(g) = ql(qr = 0). 1 B2 #2290 L K
BN O(I)E/(J%%ﬁ(gd,Dd)'ﬁﬁ@ﬁgd-

2)X%F FAF & £ 02X bR L polyo(d), 1 1E do Lk K
g4 =Q0), X TALE d > dy, FRIRZ TAE B2 N 25 48 1
ReLU ¥0I% pR AL . poly(d) 4™ Bat 2 0 48 o0 DL K 5 K hy
polyy(d) B@%ﬁ%/j&{ﬁﬁﬁ (Sd,Dd)'iEj& ] %&gd-

4 R — 5 R g0 5 53 1 Dy, IR ZE
PHonE MR LA AWM RZME BB S A
SRR DA AT T50KS B 8 T PR AR g5 T S S Y 4%

T i A A B IE i 2 W R BRE M 4ol 5
22 351 X K /N A EE AR B0 B 3 30T R B g, B S MA
M2 B IR A RZE M AT sUR R EOR
(9 2 B4 A AT e LAAT RS B2 8 30 oR Bl g, T 4 BRI
MR R AT S P BT Z . X — 25 SRR
TOEURH 28 I 2% 7 38 3T R A PRI BT AT B 5 1) R g

TE B 4 A E I A 1 PR A . PR g — B IR Y
A % 2 oR KR, (145 fiT B EL A 0] W A5 % BT R AR D
TUECRH 28 X 285 AT DAAR - s 3 78 pRIER g0 17T S 1 28 )
250 FH R O SR O RS, MBREM AT H S
Z BN B4 A7 BR B, S5 P48 I 4% )& — > Lipschitz
B PR S pR B, R TG v R AR Sk R AL Ay
A5 Dy 5 1 T 0R B g 1) W8T 551 BRE 0T 01 40 A, Bl i A
Y P 8N, 3 A 1) [ DB s SO, oA S P 2 ) 445
T PR g0 BT R X

IE L X e € R*, € LS g, 0

8a(xXr) = xapl(xr 1 2 0),
R xg 18] e B 585 > o3 it E Lo A Dy = U(Ay)
NG A LRS00 A, e
Ay =[-27027 x [-1, 11"
5 VY TTEU 22 P25 fis () = Re[@zou(Waki + by)]
Hh, SIS
ay = (i) e @™,
by = (0) e H™!,
W = (1,0,0,++,0) e H™.
W32 Y TT RO 28 W 45 BAT 1 AN RIZ R 40T, S8
BB 1, B2
Su(xw) = Re[—iou(xz1)] =
Re[—ixy  I(xgr, = 0)] =
Xaol(xg; 2 0) =
8a(¥r),
Forboeg 2 e B S R R, pRBR g BE AT 14
a2 M 2 0 SRR AN I 1A S 800 B2 DU T AL
MR 28 3R, I (&4, Dy)-1E T .
et FH S H 22 éﬁfR(xR) = apor(Wrxp + bR)Eﬁ
PRI g I, 1R 22 1
Ey.p,(Ife(xr) — 8a(xr)) =
E, im0y By, Exop, (| fr(XR) — ga(X2))),
ﬁ‘q:'xiZXR,ii%i?g’;ﬁﬁ/ﬁ/\ E/‘J% ié&, X1H&}J\ IX. [&]
(27,27 BRI 5] 93 A0 Dy = U(=279,279), X0, X3, Xag
P X 6] (1, 1] B 893 51 7341 Dy = U(=1,1). 2 x, [#]
SEIS, BRI gaH x, 3 LA G T x (R B BR R A 1h T 521
M 2% fo 1 BEZ M2 TTHON polyo(d) HSHREK
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polyo(d), ReLU i pK %4 J& 1-Lipschitz % £ 1, 7] Al
% 2% fr 5 poly(d)-Lipschitz 22 Y. [H

E,, p,(fe(xr) — ga(x2)]) =

Eyoni B E (10211 fe(e2) = 1(x1 > 0))) >

E. .., E.,(Ix;[min{ 87", |x,| 2 poly(d)™'}), 2)
Hp s 24745 S P AL AR F ML x, =0
SR o, NERMH TSI SRR R 16 A
BT poly(d)Hh . % cqg =27 poly(d), 4 d 25 KT,
cg <27, I (2) B T o Y I 2 Ny

E,(Ix:Imin{87",|x,|2/ poly(d)™'}) =

Lﬁzhox§2dpob(d)4dxz+¥£;Fm8’Wxﬂdx2:
2% poly(d) '3 1-¢2 1
14 ;’( ) d L 3 d ﬁ’
Hh RZE R T ey <27 6 bR GgE AL A S
B2, AT d A8 KT, R 22 0 2
E...p,(|fa(xr) — ga(xp)l) >
E,...(32")=32",
e, =327 =), Bl
Exp,~DJ(|fR(xR) —gu(xp)l) > &4
M, BRI KL g RE AT T polyo(d) 4> Bt J22 4 28 7T 45 46
KA I polyo(d) 1Y SEAE M 28 25 (g4, Dg)-18 3T 3E 5.
AT B L 3 5 B 4 40 50— 1B B 5 RR
5T Hr 1 DU T Ehoh 25 9 46 K L T 5208 4 25 9 2% 1)
FIORBE ST, — MEAH T T DU JCEOh 28 I 2% 1) 38 3 R0
AN 2% TSR AN 2 P 2%, FLAF TR R R A% B 18 15 0 e 4L
it 22 1) 45 BB T 80 b A 3T AR pRE 3X 2 T A58
PR T U TR 25 19X 245 5 S {1 A 428 0 4% 11 3 30T 53 5
AR 1 3 T 43 1 45 MO TR R R 3 1Y DY T AR
it 2 ) 24 T oR AR 3 T 43 S FRLTE R Y IR 4 T

PTG PR R b A BT R — A (E A 5T B TR e A,

FEF 4 (R 1 BOAR TR (EAR 3 1Y B AR R BUR AN %
SLIY, 3 AT Y A8 SR A 2 R A 0 R T8 B AR 1Y
R B AR B UE I, B AT LUK E A B AR e
| Lipschitz % 2L /Y H A pR 8", 82 B 7 7 7R Y
S e T

4 £ I

AR 38 3 A DL S 56 Sk 56 I DU G A e £ 0 465 T A
M FRIRAE )41 5 42140 X 3.1 4 5 3.2 75 4%
T 8 DU ST 22 D9 24 5 S 28 0 248 3R A7 X L.
4.1 ERASFEENMETH AN

A X HAH FH 43 FF 3005 19 ReLU 33 pR £ g

JUEM 22 W 4% 55 {8 ] ReLU 843 1) S8 1 28 ) 45 78
14725 [B) b4t CBOE 1 48 75 ] i 2k IX
SRR UL Hb A B TR 2 4 Y AR 2R S SRR BB

FATTBEHLAT 46 T — A~ VU 70 BORf 25 W) 45 5 — > 52
(B A 28 W 2%, IF-7E iy A 25 8] b B AL IE B 100 4> 2848 Ji
MUY LY TSR], BEAS 1 4E TS BIAE [-10, 101609 3 R
PILL0.01 2y [a] B A2 AR AR 4 . FRATT T 58 b 22 ) 2% 7
100 MREALE I3 — 45 B SR EE, Kl FH 43 Be 2 vk
PR BICADL A5 3 2 o UM I 5 1 PR DX BB, G S 2 1k
DX B A B KB O A et 32 22 28 7E 1 4+ 25 [
A 2R M X S B FE

TATRAF )25 AR 2 KD n i SEE
14 ) 4% (real-valued neural network, RVNN) 5 U TG4}
22 W 4% (quaternion-valued neural network, QVNN)
17 LR S5, IRAE I 1 RO T AR R ek X B M
O R Y pR R 2, L R A AT R Lk IX S R M AR
LR X o3, FFTERET s TN T8 L 2k SE IR g R 3R
W B J2 B30 5 B )2 /N [R]IsF, O ST 8800 28 ) 45 2L
AR B e R M XS B
4.2 {ERAAESD FFHUE B U T H 4 45 W 4%

A5 % Al O R B () = gl (gr > 0)H DU T
B 25 ) 2 5 0 ] Re LU 81 19 S (B b 28 ) 6% 7
AL 3z A PERE.

& 2 R T8 FH S AE A 2 I 2% 5 DU ST Blopp 25 1)
4527 2] — > SEAE P28 I 285 I I A . HL g A
SERMECH Y ) i, H AR SEAE N2 4 1 BRE
P2 TEE 1A PR 2 TT R B, 2% 2T 0 2 W 4 L
A n DRRZEMZITS 1A 2o, A S &
P 2 fii i ReLU 380175 pREK, DU 0 R5080 28 0 465 240 £ JH 33
I bR B ow(q) = ql(gr > 0). VI 25 AE AL 5 7 000 4> HE A,
DR AL 75 3 000 MFEAS, X SEAREAS (1 FFAE DA 5 307 401
TR ATL R A 1S B, A e 2 B bR SR A 28 45 G
205 2 pi 22 I 2 408 R RE LW IR A, JF T KN
0.01 FAHH BE T i B30k X 1 1R 22 1Ak 100 %6 . T A 5%
Yo E A 10 YOt T I R R E S AR 2. 1K 3
Je s 1A FH S5 R M 22 I 245 55 DU ST ESURH 28 ) 2% 2 ] —
AU TCECRR 28 1 25 1 I KA 2 L i e g S 1 2 R E
AHABL, P — DR Ks H A 2 28 B 4 e 1B
JEMETTS 1A% 2 TR B DY TR 28 I 45

S 2% L 3 B 2 ) SCAE 2R N 45 5, D T R R
25 ) 45 1] L) HCAS 5 S 2 T A RG340 2k
[F) B, 2% > T 0 5t 28 I 4 BsF, O oG 4500 8 ) 4% A
L S 28 9 4 TG I R X S I R ]
o FH AR 49 T 30 08 30 BRI B DY T R 28 N 4 LA
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Fig.2 Test loss of learning a real-valued neural network
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Fig. 3 Test loss of learning quaternion-valued neural network
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